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CALDERO´N PROBLEM FOR MAXWELL’S EQUATIONS IN TWO
DIMENSIONS
O. YU. IMANUVILOV AND M. YAMAMOTO
Abstract. We prove the global uniqueness in determination of the conductivity, the per-
meability and the permittivity of two dimensional Maxwell’s equations by partial Dirichlet-
to-Neumann map limited to an arbitrary subboundary.
Let Ω ⊂ R3 be a bounded domain with smooth boundary ∂Ω, and ~ν = (ν1, ν2, ν3) ∈ R3 be
a unit outward normal vector to ∂Ω and let i =
√−1. Let E = (E1, E2, E3) be the electric
field, H = (H1, H2, H3) the magnetic field, σ be the conductivity, µ the permeability and ǫ
permittivity. In this paper we assume that E(x), H(x), σ(x), µ(x), ǫ(x) are independent of
the third component x3 of x = (x1, x2, x3) ∈ R3. Then we embed Ω in R2 and regard Ω as
a domain in R2. Then ~ν = (ν1, ν2, 0) and
~ν × E =

 ν2E3−ν1E3
ν1E2 − ν2E1

 on ∂Ω
and Maxwell’s equations are given by
(0.1) L1,µ,γ(x,D)(E,H) :=

 ∂x2E3−∂x1E3
∂x1E2 − ∂x2E1

− iωµ

H1H2
H3

 = 0, in Ω,
and
(0.2) L2,µ,γ(x,D)(E,H) :=

 ∂x2H3−∂x1H3
∂x1H2 − ∂x2H1

+ iωγ

E1E2
E3

 = 0, in Ω.
Here and henceforth we set
γ = ǫ+
iσ
ω
and
Lµ,γ(x,D)(E,H) = (L1,µ,γ(x,D)(E,H), L2,µ,γ(x,D)(E,H)).
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Let Γ˜ be some fixed open subset of ∂Ω and Γ0 = ∂Ω \ Γ˜. Consider the following Dirichlet-
to-Neumann map
(0.3) Λµ,γf = ~ν ×H =

 ν2H3−ν1H3
ν1H2 − ν2H1

 on Γ˜,
where
Lµ,γ(x,D)(E,H) = 0 in Ω, ~ν × E|Γ0 = 0, ~ν × E|Γ˜ = f.
In general for some values of the parameter ω, the boundary value problem
(0.4) Lµ,γ(x,D)(E,H) = 0 in Ω, ~ν × E|Γ0 = 0, ~ν × E|Γ˜ = f
may not have a solution for some f . By Dµ,γ we denote the set of functions f ∈ H1(Γ˜)
such that there exists at least one solution to (0.4). As for the mathematical theory on the
boundary value problem for Maxwell’s equations, we refer for example to Dautray and Lions
[3].
In general for some f ∈ Dµ,γ, there exists more than one solutions. In that case as
the value of Λµ,γf , we consider the set of all functions ~ν × H where the pairs (E,H) are
the all possible solutions to (0.4). Thus our definition of the Dirichlet-to-Neumann map is
different form the classical one, and we have to specify the conception of the equality of the
Dirichlet-to-Neumann maps.
Definition. We say that the Dirichelt-to-Neumann maps Λµ1,γ1 and Λµ2,γ2 are equal if
Dµ1,γ1 ⊂ Dµ2,γ2 and for any pair (E,H) which solves
Lµ1,γ1(x,D)(E,H) = 0 in Ω, ~ν ×E|Γ0 = 0, ~ν × E|Γ˜ = f,
there exists a pair (E˜, H˜) which solves
Lµ1,γ1(x,D)(E˜, H˜) = 0 in Ω, ~ν × E˜|Γ0 = 0, ~ν × E˜|Γ˜ = f
and
~ν ×H = ~ν × H˜ on Γ˜.
Then we can state our main result:
Theorem Let µj, ǫj, σj ∈ C5(Ω¯) for j ∈ {1, 2} and µj, ǫj be the positive functions on Ω¯.
Suppose that Λµ1,γ1 = Λµ2,γ2 and
µ1 − µ2 = ∂µ1
∂ν
− ∂µ2
∂ν
= γ1 − γ2 = ∂γ1
∂ν
− ∂γ2
∂ν
= 0 on Γ˜ and
∂(
√
γ1 −√γ2)
∂ν
= 0 on Γ0.
Then µ1 = µ2 and γ1 = γ2.
See Caro, Ola and Salo [1] and Ola, Pa¨iva¨rinta and Somersalo [11] for the uniquenesss
results for Maxwell’s equations in three dimensions. In the two dimensional case, we can
reduce Maxwell’s equations to the conductivity equation with zeroth order term and apply
the uniqueness result in Imanuvilov, Uhlmann and Yamamoto [5] to prove the theorem.
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Proof. First we observe that the system (0.1), (0.2) can be separated into the two
independent systems of partial differential equations. The first system has the form
(0.5) H1 =
1
iωµ
∂x2E3, H2 = −
1
iωµ
∂x1E3, ∂x1H2 − ∂x2H1 = −iωγE3 in Ω.
The second system can be written as
(0.6) E1 = − 1
iωγ
∂x2H3, E2 =
1
iωγ
∂x1H3, ∂x1E2 − ∂x2E1 = iωµH3 in Ω.
After we plug into the third equation of (0.5) expressions for H1 and H2 from the first two
equations we obtain
(0.7) L1,µ,γ(x,D)E3 = div
(
1
iωµ
∇E3
)
− iωγE3 = 0 in Ω.
Similarly, from (0.6) we obtain
(0.8) L2,γ,µ(x,D)H3 = −div
(
1
iωγ
∇H3
)
+ iωµH3 = 0 in Ω.
Observe that in order to solve the system (0.5) it suffices to solve the conductivity equation
(0.7) and then determine the first to components of the magnetic field H by formulae
(0.9) H1 =
1
iωµ
∂x2E3, H2 = −
1
iωµ
∂x1E3.
Finally, using equation (0.9) in (0.7) to eliminate E3 we obtain the last equation in (0.5).
Similarly in order to construct solution to (0.6) we solve the conductivity equation (0.8)
for H3 and then determine the first two components of the electric field E by formulae
(0.10) E1 =
1
iωγ
∂x2H3, E2 = −
1
iωγ
∂x1H3.
Finally, using these formulae in (0.8) to eliminate H3 we obtain the last equation in (0.6).
Next, we claim that if the Dirichlet-to-Neuman map is given we can recover the following
A) The Dirichlet-to-Neumann map:
(0.11) Λ1,µ,γf =
∂u
∂ν
|
Γ˜
,
where
(0.12) L1,µ,γ(x,D)u = 0 in Ω, u|Γ0 = 0, u|Γ˜ = f.
Let u be some solution to equation (0.12). We set E3 = u, q1 = ν2E3, q2 = −ν1E3. Let q3 = 0
and H3 = E1 = E2 = 0. Finally the functions H1 and H2 are given by (0.9). Then
~ν × E|Γ0 = 0
and 
 ν2E3−ν1E3
ν1E2 − ν2E1

 = q =

q1q2
q3

 on Γ˜
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and the following is known:
Λµ,γq =

 ν2H3−ν1H3
ν1H2 − ν2H1

 on Γ˜.
The short computations imply
ν1H2 − ν2H1 = 1
iωµ
∂E3
∂ν
=
1
iωµ
∂u
∂ν
on Γ˜.
Since the trace of the function µ is known on Γ˜ we can determine ∂u
∂ν
.
B) The Neumann-to-Dirichlet map
(0.13) Λ2,γ,µf = u|Γ˜,
where
(0.14) L2,γ,µ(x,D)u = 0 in Ω,
∂u
∂ν
|Γ0 = 0,
∂u
∂ν
|
Γ˜
= f.
Let u be some solution to equation (0.14). We set H3 = u and E1 =
1
iωγ
∂x2H3, E2 =
− 1
iωγ
∂x1H3 and H1 = H2 = E3 ≡ 0. Let us make a some choice of the function q = (0, 0, f).
Then ν1E2 − ν2E1 = −ν1 1iωγ∂x1H3 − ν2 1iωγ∂x2H3 = − 1iωγ ∂H3∂ν = − 1iωγ ∂u∂ν . Since the traces of ǫ
and σ on Γ˜ are known the choice of f uniquely determines ν1E2− ν2E1 on Γ˜. Then from the
Dirichlet-to-Neumann map (0.3) we determine the traces of the functions ν2H3 and ν1H3 on
Γ˜. Hence H3 = u is determined on Γ˜.
Consider the following Dirichlet-to-Neumann map
(0.15) Λ1,γ,µf =
∂u
∂ν
|
Γ˜
,
where
(0.16) L2,γ,µ(x,D)u = 0 in Ω,
∂u
∂ν
|Γ0 = 0, u|Γ˜ = f.
We have
Proposition 0.1. If the Neumann-to-Dirichlet map (0.13), (0.14) is know the Dirichlet-to-
Neumann map (0.15), (0.16) is also known.
Proof. Indeed let for some function g˜ there exists a solution to the boundary value
problem (0.16). We denote such a solution as u1. Let
∂u1
∂ν
|
Γ˜
= f. Since Λ2,γ1,µ1 = Λ2,γ2,µ2
there exists solution u2 to problem (0.14) such that
∂u1
∂ν
|
Γ˜
=
∂u2
∂ν
|
Γ˜
= f and u1|Γ˜ = u2|Γ˜ = g.
The proof of the Proposition is complete. 
Making the change of unknown in (0.12) as u =
√
µw and in (0.16) as u =
√
γw we have
L˜1,µ,γ(x,D)w = ∆w + (ω
2γµ+
∆
√
µ√
µ
)w = 0 in Ω
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and
L˜2,γ,µ(x,D)w = ∆w + (ω
2γµ+
∆
√
γ√
γ
)w = 0 in Ω.
The above change of variables preserve the Dirichlet-to-Neumann map (0.11), (0.12) and
transform the Dirichlet-to-Neumann map (0.15), (0.16) into the following one
(0.17) Λ3,γ,µf =
∂u
∂ν
|
Γ˜
,
where
(0.18) L˜2,γ,µ(x,D)u = 0 in Ω, (
∂u
∂ν
+ au)|Γ0 = 0, u|Γ˜ = f,
and a = − ∂
∂ν
√
γ.
Since the potentials of the Scho¨dinger operator can be determined from the partial Dirichlet-
to-Neumann maps for the two Maxwell’s systems with the same Dirichlet-to-Neumann maps
we obtain
(0.19) (ω2(ǫ1 +
iσ1
ω
)µ1 +
∆
√
µ1√
µ1
) = (ω2(ǫ2 +
iσ2
ω
)µ2 +
∆
√
µ2√
µ2
)
and
(0.20) ω2(ǫ1 +
iσ1
ω
)µ1 +
∆
√
(ǫ1 +
iσ1
ω
)√
(ǫ1 +
iσ1
ω
)
= ω2(ǫ2 +
iσ2
ω
)µ2 +
∆
√
(ǫ2 +
iσ2
ω
)√
(ǫ2 +
iσ2
ω
)
.
Denote r = (
√
µ1 −√µ2,
√
(ǫ1 +
iσ1
ω
)−
√
(ǫ2 +
iσ2
ω
)).
By (0.19), (0.20) there exist a matrices A = (A1, A2, A3), B ∈ L∞(Ω) such that
∆r + (A,∇r) + Br = 0 in Ω, r|
Γ˜
=
∂r
∂ν
|
Γ˜
= 0.
By the uniqueness theorem for the Cauchy problem for the such a system we have r ≡ 0.
The proof of the theorem is complete. 
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